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Abstract
In this paper, we establish a general summation formula for the confluent hypergeometric func-
tion Φ(2r)2 of several variables by applying the generalized Kummer’s summation theorem due to
Lavoie et al. As an applications of our main result, we obtain certain new summation formulas for
the confluent hypergeometric function Φ(4)2 . Also some summation and transformation formulas
including a results obtained recently by Choi and Rathie have been obtained as special cases.
Keywords: Summation formulas; Kummer’s summation theorem; Confluent hypergeometric
function; Kampé de Fériet function
MSC 2010 No.: Primary 33C20, 33C70; Secondary 33B15, 33C05
1. Introduction
In 1992-1996, Lavoie et al. (1992), Lavoie et al. (1994) and Lavoie et al. (1996), established the
generalizations of the well-known classical summation theorems of Watson, Dixon, Whipple and
Kummer. Recently, many summation and transformation formulas for the different hypergeomet-
ric functions have been considered by applications of the above mentioned generalizations (see,
for example, Ali (2013), Atash (2015), Choi and Rathie (2015a), Choi and Rathie (2015b), Kim
and Rathie (2007), Kim and Rathie (2009), Mohsen et al. (2016), Srivastava et al. (2014)). Moti-
vated from the above mentioned works, we establish further summation formula for the confluent
hypergeometric function of several variables Φ(2r)2 .
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2. Preliminaries
The following definitions are given in Srivastava and Manocha (1984).
Definition 2.1.
The generalized hypergeometric function pFq with p numerator parameters and q denominator
parameters is defined by
pFq
 a1, . . . ,ap ;




(a1)n . . . (ap)n




where (a)n denotes the Pochhammer’s symbol defined by
(a)n =
{
1 , if n=0
a(a+1)(a+2) . . .(a+n−1) , if n=1,2,3, . . . (2)
The special case of (1) when p=2 and q=1 is usually called Gauss’s hypergeometric function.
Definition 2.2.
The Kampé de Fériet function of two variables F p:q;kl:m;n[x,y] is defined by
F p:q;kl:m;n
 (ap) : (bq) ; (ck) ;




























The confluent hypergeometric function of several variables Φ(n)2 is defined by
Φ
(n)
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The main aim of this research paper is to establish a general summation formula for the confluent
hypergeometric function of 2r variables Φ(2r)2 by using the following generalization of the classical
Kummer’s theorem due to Lavoie et al. (1996):
2F1
[
a , b ;










































where [x] denotes the greatest integer less than or equal to x, |x| denotes the usual absolute value

















−b2 +8(a−b−4)−7b −b2 +16(a−b−4)−b+12
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3. Main Summation Formula
In this section, the following summation formula will be established:
Φ
(2r)































































































































i can be obtained from the tables of Ai and Bi by







be obtained from the tables of Ai and Bi by replacing a and b by −2mj−1 and bj , j=1,2, ..., r.
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(b1− i)n1(b1)p1 ...(br− i)nr(br)prxn11 (−x1)p1 ...xnrr (−xr)pr
(c)n1+p1+...+nr+prn1!p1!...nr!pr!
. (8)








(b2− i)n2(b2)p2 ...(br− i)nr(br)prxn22 (−x2)p2 ...xnrr (−xr)pr
(c)n2+p2+...+nr+prn2!p2!...nr!pr!
×Φ2[b1− i, b1;c+n2 +p2 + ...+nr +pr;x1,−x1]. (10)


















(b1− i)m!(b2− i)n2(b2)p2 ...(br− i)nr(br)prxm!1 xn22 (−x2)p2 ...xnrr (−xr)pr
(c)m1+n2+p2+...+nr+prm1!n2!p2!...nr!pr!
× 2F1
 −m1 , b1 ;
1−m1−b1 + i ;
−1
 . (12)






(b1− i)m1 ...(br− i)mrxm11 ...xmrr
(c)m1+...+mrm1!...mr!
f(b1, i,m1)...f(br, i,mr), (13)
where
f(br, i,mr)= 2F1
 −mr , br ;
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(b1− i)2m1 ...(br− i)2mrx2m11 ...x2mrr
(c)2m1+...+2mr(2m1)!...(2mr)!




(b1− i)2m1+1(b2− i)2m2 ...(br− i)2mrx2m1+11 x2m22 ...x2mrr
(c)2m1+1+2m2+...+2mr(2m1 +1)!(2m2)!...(2mr)!




(b1− i)2m1(b2− i)2m2+1...(br− i)2mr+1x2m11 x2m2+12 ...x2mr+1r
(c)2m1+2m2+1+...+2mr+1(2m1)!(2m2 +1)!...(2mr +1)!




(b1− i)2m1+1...(br− i)2mr+1x2m1+11 ...x2mr+1r
(c)2m1+1+...+2mr+1(2m1 +1)!...(2mr +1)!
×f(b1, i,2m1 +1)f(b2, i,2m2 +1)...f(br, i,2mr +1). (15)
Now, applying the generalized Kummer’s theorem (6) on each 2F1(−1) in the right hand side of
(15) and after some simplification, we get the right hand side of (7).This completes the proof of
(7). 
4. Special Cases
In this section we will mention the following special cases of (7) and we will use the following
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Further, replacing b by a+ i in (19) and using (14) we get a known result of Choi and Rathie
(2015a) for Φ2(a,a+ i;c;x,−x), i=0,±1,±2,±3,±4,±5.
2. Taking i=0 in (7), we have
Φ
(2r)
















































 a1, ...,ap : c1 ; ... ; cr ;
b1, ..., bq : − ; ... ; − ;
x, ...,x
= p+1Fq
 a1, ...,ap, c1 + ...+cr ;







2 (b1, b1, ..., br, br;c;x,−x, ...,x,−x)= 1F2
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3. Taking r=2, i=±1 in (7) and using the results (16)–(18), we get
Φ
(4)
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Further, setting x1 =x2 =x in (24) and (25) and using the result (22), we get
Φ
(4)
2 (b1−1, b1, b2−1, b2;c;x,−x,x,−x)
= 1F2


























































2 (b1 +1, b1, b2 +1, b2;c;x,−x,x,−x)
= 1F2

























































I. On setting x2 =0 and replacing b1 by a+1 in (24), we get the known results of Choi and Rathie
(2015a) for Φ2(a,a+1;c;x,−x).
II. On setting x2 =0 and replacing b1 by a−1 in (25), we get the known results of Choi and Rathie
(2015a) for Φ2(a,a−1;c;x,−x).
4. Taking r=2, i=±2 in (7) and using the results (16)–(18), we get
Φ
(4)
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I. On setting x2 =0 and replacing b1 by a+2 in (28), we get the known results of Choi and Rathie
(2015a) for Φ2(a,a+2;c;x,−x).
II. On setting x2 =0 and replacing b1 by a−2 in (29), we get the known results of Choi and Rathie
(2015a) for Φ2(a,a−2;c;x,−x).
5. Conclusion
In the present paper, we have extended a known summation formula of Choi and Rathie (2015a) for
the confluent hypergeometric function of 2-variables Φ2 to general summation formula for the con-
fluent hypergeometric function of 2r- variables Φ(2r)2 . The results are derived by using the method
of series manipulation with the help of generalized Kummer’s summation theorem obtained earlier
by Lavoie et al. (1996). Furthermore, some new and known transformation formulas for Φ(4)2 and
Φ2 are also given as special cases of our main summation formula. The method used in this paper
can be applied to extend other hypergeometric summation formulas given in the literature.
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